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1. Introduction

A pluralist (regarding logic) is someone that admits several logics.

A monist is someone that admits only one Logic.

Collapse argument:

(1) the pluralist admits several logics based on some sense of ‘logic’,

(2) one of these admitted logics fulfills this sense better than the others,
ergo

(C) the pluralist is a monist at heart.
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2. Refining the collapse argument (Grooßens & Tedder)

Upward collapse argument: (Read)

(1) the aim of logic is to characterize patterns of correct reasoning,

(2) the aim of logic is at best fulfilled by the most powerful of all the
logics admitted by the pluralist, ergo

(C) the pluralist is committed to a monism regarding such logic.

Downward collapse argument: (Beall)

(1) the aim of logic is to be universal and hence applicable to all
domains,

(2) the aim of logic is at best fulfilled by the most applicable of all the
logics admitted by the pluralist, ergo

(C) the pluralist is committed to a monism regarding such logic.
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2. Refining the collapse argument (Grooßens & Tedder)

According to G. & T., there are ‘tacit order-theoretic assumptions’ in the
previous arguments.

Recall that a (Tarskian) logic in a fixed language L is a reflexive,
transitive and structural relation ⊢⊆ ℘(FmL) × FmL.

As G. & T. note, one obtains a set-complete lattice by taking all logics in
L and the ordering:

⊢1⩽GT ⊢2 if and only if ⊢1⊆⊢2 .

Intuitively, ⊢1⩽GT ⊢2 captures ‘⊢1 is weaker than ⊢2’ (resp. ‘⊢2 is
stronger than ⊢1’).

One can then rephrase the previous arguments.
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2. Refining the collapse argument (Grooßens & Tedder)

Upward collapse argument (revisited):

(1) the aim of logic is to characterize patterns of correct reasoning,

(2) the aim of logic is at best fulfilled by the ⩽GT-join of all the logics
admitted by the pluralist, ergo

(C) the pluralist is committed to a monism regarding the ⩽GT-join of all
their admitted logics.

Downward collapse argument (revisited):

(1) the aim of logic is to be universal and hence applicable to all
domains,

(2) the aim of logic is at best fulfilled by the ⩽GT-meet of all the logics
admitted by the pluralist, ergo

(C) the pluralist is committed to a monism regarding the ⩽GT-meet of
all their admitted logics.

6 / 22



2. Refining the collapse argument (Grooßens & Tedder)

Upward collapse argument (revisited):

(1) the aim of logic is to characterize patterns of correct reasoning,

(2) the aim of logic is at best fulfilled by the ⩽GT-join of all the logics
admitted by the pluralist, ergo

(C) the pluralist is committed to a monism regarding the ⩽GT-join of all
their admitted logics.

Downward collapse argument (revisited):

(1) the aim of logic is to be universal and hence applicable to all
domains,

(2) the aim of logic is at best fulfilled by the ⩽GT-meet of all the logics
admitted by the pluralist, ergo

(C) the pluralist is committed to a monism regarding the ⩽GT-meet of
all their admitted logics.

6 / 22



2. Refining the collapse argument (Grooßens & Tedder)

Upward collapse argument (revisited):

(1) the aim of logic is to characterize patterns of correct reasoning,

(2) the aim of logic is at best fulfilled by the ⩽GT-join of all the logics
admitted by the pluralist, ergo

(C) the pluralist is committed to a monism regarding the ⩽GT-join of all
their admitted logics.

Downward collapse argument (revisited):

(1) the aim of logic is to be universal and hence applicable to all
domains,

(2) the aim of logic is at best fulfilled by the ⩽GT-meet of all the logics
admitted by the pluralist, ergo

(C) the pluralist is committed to a monism regarding the ⩽GT-meet of
all their admitted logics.

6 / 22



2. Refining the collapse argument (Grooßens & Tedder)

Upward collapse argument (revisited):

(1) the aim of logic is to characterize patterns of correct reasoning,

(2) the aim of logic is at best fulfilled by the ⩽GT-join of all the logics
admitted by the pluralist, ergo

(C) the pluralist is committed to a monism regarding the ⩽GT-join of all
their admitted logics.

Downward collapse argument (revisited):

(1) the aim of logic is to be universal and hence applicable to all
domains,

(2) the aim of logic is at best fulfilled by the ⩽GT-meet of all the logics
admitted by the pluralist, ergo

(C) the pluralist is committed to a monism regarding the ⩽GT-meet of
all their admitted logics.

6 / 22



2. Refining the collapse argument (Grooßens & Tedder)

Upward collapse argument (revisited):

(1) the aim of logic is to characterize patterns of correct reasoning,

(2) the aim of logic is at best fulfilled by the ⩽GT-join of all the logics
admitted by the pluralist, ergo

(C) the pluralist is committed to a monism regarding the ⩽GT-join of all
their admitted logics.

Downward collapse argument (revisited):

(1) the aim of logic is to be universal and hence applicable to all
domains,

(2) the aim of logic is at best fulfilled by the ⩽GT-meet of all the logics
admitted by the pluralist, ergo

(C) the pluralist is committed to a monism regarding the ⩽GT-meet of
all their admitted logics.

6 / 22



2. Refining the collapse argument (Grooßens & Tedder)

Upward collapse argument (revisited):

(1) the aim of logic is to characterize patterns of correct reasoning,

(2) the aim of logic is at best fulfilled by the ⩽GT-join of all the logics
admitted by the pluralist, ergo

(C) the pluralist is committed to a monism regarding the ⩽GT-join of all
their admitted logics.

Downward collapse argument (revisited):

(1) the aim of logic is to be universal and hence applicable to all
domains,

(2) the aim of logic is at best fulfilled by the ⩽GT-meet of all the logics
admitted by the pluralist, ergo

(C) the pluralist is committed to a monism regarding the ⩽GT-meet of
all their admitted logics.

6 / 22



2. Refining the collapse argument (Grooßens & Tedder)

Upward collapse argument (revisited):

(1) the aim of logic is to characterize patterns of correct reasoning,

(2) the aim of logic is at best fulfilled by the ⩽GT-join of all the logics
admitted by the pluralist, ergo

(C) the pluralist is committed to a monism regarding the ⩽GT-join of all
their admitted logics.

Downward collapse argument (revisited):

(1) the aim of logic is to be universal and hence applicable to all
domains,

(2) the aim of logic is at best fulfilled by the ⩽GT-meet of all the logics
admitted by the pluralist, ergo

(C) the pluralist is committed to a monism regarding the ⩽GT-meet of
all their admitted logics.

6 / 22



2. Refining the collapse argument (Grooßens & Tedder)

Upward collapse argument (revisited):

(1) the aim of logic is to characterize patterns of correct reasoning,

(2) the aim of logic is at best fulfilled by the ⩽GT-join of all the logics
admitted by the pluralist, ergo

(C) the pluralist is committed to a monism regarding the ⩽GT-join of all
their admitted logics.

Downward collapse argument (revisited):

(1) the aim of logic is to be universal and hence applicable to all
domains,

(2) the aim of logic is at best fulfilled by the ⩽GT-meet of all the logics
admitted by the pluralist, ergo

(C) the pluralist is committed to a monism regarding the ⩽GT-meet of
all their admitted logics.

6 / 22



2. Refining the collapse argument (Grooßens & Tedder)

Upward collapse argument (revisited):

(1) the aim of logic is to characterize patterns of correct reasoning,

(2) the aim of logic is at best fulfilled by the ⩽GT-join of all the logics
admitted by the pluralist, ergo

(C) the pluralist is committed to a monism regarding the ⩽GT-join of all
their admitted logics.

Downward collapse argument (revisited):

(1) the aim of logic is to be universal and hence applicable to all
domains,

(2) the aim of logic is at best fulfilled by the ⩽GT-meet of all the logics
admitted by the pluralist, ergo

(C) the pluralist is committed to a monism regarding the ⩽GT-meet of
all their admitted logics.

6 / 22



2. Refining the collapse argument (Grooßens & Tedder)

According to G. & T., the collapse arguments are only enabled when one
further assumes that:

the family of admitted logics is join (resp. meet) closed. (!)

There are plausible situations in which the pluralist might reject (!). To
name a few:

i. Too much strength is bad: ⊢1 and ⊢2 are admitted but ⊢1 ∨ ⊢2= ⊤.
(E.g. CL and ⊢⊈ CL).

ii. Some properties are not preserved under meets and joins.
(E.g. ⊢ φ ∨ ψ implies ⊢ φ or ⊢ ψ.)

iii. Too few strength is bad: ⊢1 and ⊢2 are admitted but ⊢1 ∧ ⊢2= ⊥.
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3. Generalizing the collapse arguments

What happens if the pluralist is committed to, say, both S5 and
 Lukasiewicz logic?

One would like to compare logics in different languages.

Claim: the notion of translation grants a sense of comparison between
logics.

Mathematical and philosophical reasons for this setting.
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3. Generalizing the collapse arguments

Suppose we have a fixed notion of translation, T .

We may generalize ⩽GT into

⊢1⩽T ⊢2 if and only if there is a T -translation from ⊢1 into ⊢2.

Hence, ⊢1⩽T ⊢2 formalizes ‘⊢1 is T -weaker than ⊢2’ (resp. ‘⊢2 is
T -stronger than ⊢1’).

We can rephrase the collapse arguments as follows, even if we cannot
decide anything about this ordering beforehand.
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3. Generalizing the collapse arguments

T -upward collapse argument: for a formal notion of translation T ,

(1) the aim of logic is to characterize patterns of correct reasoning,

(2) the aim of logic is at best fulfilled by the ⩽T -join of all the logics
admitted by the pluralist,

(!) the collection of all the admitted logics is ⩽T -join-closed, ergo

(C) the pluralist is committed to a monism corresponding to the ⩽T -join
of all their admitted logics.

T -downward collapse argument: for a formal notion of translation T ,

(1) the aim of logic is to be universal and hence applicable to all
domains,

(2) the aim of logic is at best fulfilled by the ⩽T -meet of all the logics
admitted by the pluralist,

(!) the collection of all the admitted logics is ⩽T -meet-closed, ergo

(C) the pluralist is committed to a monism regarding the ⩽T -meet of all
their admitted logics.
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4. Posets of logics

Universal algebra. Maltsev theorems, generalizations, Maltsev
conditions, Maltsev hierarchy.

K ⊨ p(x , y , y) ≈ p(y , x , y) ≈ p(y , y , x) ≈ x .

Algebraic logic. Blok-Pigozzi definition, characterization theorems,
Leibniz hierarchy, ... Leibniz conditions?

∅ ⊢ ∆(x , x), x ,∆(x , y) ⊢ y .

Solution: Jansana & Moraschini relation of interpretability between
logics, the poset of all logics.

Proposals for formal notions of translation: weak, LR and SR.
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4. Posets of logics: weak translations

Given two logics ⊢1,⊢2, a weak translation from ⊢1 into ⊢2 is a map
τ : L(⊢1) → Fm(⊢2) that sends each n-ary connective ∗ to a n-ary term
τ(∗) in variables x1, . . . , xn.

We can define:

⊢1⩽WT ⊢2 if and only if there is a weak translation from ⊢1 into ⊢2.

Lacking preservation of any semantic information whatsoever.

Let τ :⊢1⩽WT ⊢2. Given a L(⊢2)-algebra A, we define the τ -translation
of A as the L(⊢1)-algebra Aτ of universe A in which each n-ary
connective ∗ is interpreted as follows:

∗A
τ

(a1, . . . , an) := τ(∗)A(a1, . . . , an),

for every a1, . . . , an ∈ A.
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4. Posets of logics: LR-translations

Let us recall some definitions.

Given a logic ⊢ and an L(⊢)-algebra A, a subset F ⊆ A is called a
deductive filter of ⊢ on A if it is closed under valuations of inferences of
⊢: given Γ ⊢ φ, for every A-valuation v it holds that

v(Γ) ⊆ F implies that v(φ) ∈ F .

In this case, we say that (A,F ) is a model of ⊢. Define:

a ≡L b if and only if p(a) ∈ F iff p(b) ∈ F , for every unary polynomial p.

If ≡L is the identity, we say that (A,F ) is a Leibniz-reduced (LR) model
of ⊢. We denote by ModLR(⊢) the class of all the LR-models of ⊢.
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4. Posets of logics: LR-translations

Given two logics ⊢1,⊢2, an LR-translation τ is a weak translation
verifying the condition that,

if (A,F ) ∈ ModLR(⊢2) then (Aτ ,F ) ∈ ModLR(⊢1).

We may define ⊢1⩽LR ⊢2 if and only if there is an LR-translation from ⊢1
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4. Posets of logics: SR-translations

As before, we will need some definitions.

Given a model (A,F ) of a logic ⊢ and S ⊆ A, we denote by Fg(S) the
smallest deductive filter of ⊢ on A that contains S . Intuitively, this
represents the set of all consequences of S .

Define:

a ≡S b if and only if Fg(F ∪ {p(a)}) = Fg(F ∪ {p(b)}),

for every unary polynomial p.

If ≡S is the identity, we say that (A,F ) is a Suszko-reduced (SR) model
of ⊢. We denote by ModSR(⊢) the class of all the SR-models of ⊢.
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4. Posets of logics: SR-translations

An SR-translation from ⊢1 into ⊢2 is a weak translation τ that verifies
the following condition:

if (A,F ) ∈ ModSR(⊢2) then (Aτ ,F ) ∈ ModSR(⊢1).

Hence, we can define:

⊢1⩽SR ⊢2 if and only if there is an SR-translation from ⊢1 into ⊢2.

This gives rise to the so-called Leibniz hierarchy.

It holds that LogLR ↪−→ LogSR ↪−→ LogWT. We will stick to LogSR.
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5. Philosophical insights: on the hidden premise (!)

It is known that, in LogSR, meets of arbitrary sets exist, but finite joins
(even binary!) fail to exist in general.

Hence, the join of logics may not only not be admitted, but not even a
proper logic in our sense above.

This means that, in principle, upward collapse is less likely to occur in
LogSR than downward collapse.
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5. Philosophical insights: on admissible logics

A logic is fundamental if it captures an essential aspect of reasoning.

Since we can form arbitrary meets in LogSR, it seems natural to ask
which logics are not a result of such operation. These correspond to
meet-irreducible (also, prime) logics in LogSR.

A logic ⊢ is meet-irreducible if it does not occur that ⊢ is
equi-translatable with ⊢1 ∧ ⊢2 while ⊢1 and ⊢2 are not equi-translatable
with ⊢.

In LogSR, a set of sufficient conditions for meet-irreducibility is known.

Moreover, very common logics are meet-irreducible: intermediate logics,
 Lukasiewicz, S4 and S5.
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6. Future work: inside LogSR

1. Provide general criteria of meet-irreducibility and primeness for
sub-semilattices of LogSR. Is it possible to ask for a complete
characterization (if and only if) of meet-irreducibility?

2. Is it possible to develop a syntactical criterion for meet-irreducibility
(again, check out the universal algebra side)?

3. Is is is possible to prove some factorization theorem (i.e. every logic is
equi-translatable with an arbitrarily long meet of meet-irreducibles)?
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6. Future work: beyond LogSR

1. What happens with non-Tarskian logics (e.g. dropping structurality)?

2. Study intermediate notions of translation (e.g. surjective weak
translations). What is the structure of meets in this ordering? Do (at
least) the criteria for meet-irreducibility still hold?

3. Study alternative readings of (!) (e.g. what happens with chains of
admitted logics?).

4. Study alternative notions of ‘fundamental logic’ (e.g. completely
meet-irreducible logics).
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