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1. Indicative conditionals

Indicative conditionals are the simplest sentences of the ‘if-then’ type that occur
in natural language and are concerned with what could be true.

Example (Adams). Consider the statements:

– if Lee Harvey-Oswald didn’t shoot JFK, someone else did,

– if Lee Harvey-Oswald had not shot JFK, someone else would have.

Accepting one of the sentences above does not committ one to the other.

Thus, one ought to distinguish indicative conditionals from counterfactuals.

We will denote the indicative conditional statement ‘if φ then ψ’ by φ→ ψ.
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2. The three-valued case

Probabilistic trend: the indicative conditional can be studied through degrees
of assertability.

Logical trend: the indicative conditional can be studied as a logical conective...

... which is not truth-functional (intensional approach).

... which is truth-functional (extensional approach).

Classical formalization: the indicative conditional φ→ ψ collapses to material
implication φ ⊃ ψ (∼ ¬φ ∨ ψ).

Challenge: strange behavior of 0 → x ... is it a ‘truth-value gap’? (Rhinelander,
Quine)

Solution: add a new truth-value 1/2! But what about 1/2 → x?
Here, the intuitions may differ...
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2.1. The three-valued case: DF

The conditional φ→ ψ is seen as a bet on ψ given φ (tri-event):

(i) it is lost when φ is realized while ψ is not,

(ii) it is won when both φ and ψ are realized,

(iii) and it is called off when φ is not realized.

Consider the algebra DF3 of universe {0, 1/2, 1} and operations:

¬
0 1
1/2 1/2
1 0

∧K 0 1/2 1
0 0 0 0
1/2 0 1/2 1/2
1 0 1/2 1

∨K 0 1/2 1
0 0 1/2 1
1/2 1/2 1/2 1
1 1 1 1

→DF 0 1/2 1
0 1/2 1/2 1/2
1/2 1/2 1/2 1/2
1 0 1/2 1

We define Reichenbach-De Finetti logic as DF := Log(DF3, {1/2, 1}).
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2.2. The three-valued case: OL

Material conditional is orthogonal to natural language conditional, i.e.,

(i) the former sanctions intuitively false implications:

G ⊃ ¬(E ⊃ ¬R) = (E ⊃ ¬R) ⊃ ¬G = (¬E ∨ ¬R) ⊃ ¬G .

(ii) the latter sanctions classically false implications:

(S → P) ∨ (¬S → T ) = (S ∨ ¬S) → (P ∨ T ) = (P ∨ T ).
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2.2. The three-valued case: OL

Consider the algebra OL3 of universe {0, 1/2, 1} and operations:

¬
0 1
1/2 1/2
1 0

∧OL 0 1/2 1
0 0 0 0
1/2 0 1/2 1
1 0 1 1

∨OL 0 1/2 1
0 0 0 1
1/2 0 1/2 1
1 1 1 1

→OL 0 1/2 1
0 1/2 1/2 1/2
1/2 0 1/2 1
1 0 1/2 1

Originally, atomic propositions could not be evaluated as 1/2... but the resulting
logic is nonstructural!

We define Cooper’s ordinary language logic as OL := Log(O3, {1/2, 1}).
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2.3. The three-valued case: F / CN

(a) Farrell’s logic: a formal treatment of Strawson’s theory of presupposition.
Exotic first-order logic. Application to problems like Hempel’s paradox. Set
F := Log(F3, {1/2, 1}), where

F3: ¬,∧K,∨K with

→F 0 1/2 1
0 1/2 1/2 1/2
1/2 0 1/2 1/2
1 0 1/2 1

(b) Cantwell’s logic of conditional negation: interpret the previously
considered three-valued negation as a ‘conditional negation’. Then, ¬φ is
interpreted as ‘φ is false if it has (classical) truth-value’. Let
CN := Log(CN3, {1/2, 1}), where

CN3: ¬,∧K,∨K with

→OL 0 1/2 1
0 1/2 1/2 1/2
1/2 0 1/2 1
1 0 1/2 1
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→OL 0 1/2 1
0 1/2 1/2 1/2
1/2 0 1/2 1
1 0 1/2 1
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3. Common questions

Sociologically, the following questions are common:

1. How are the tables of the conectives settled?

2. How are the designated values settled?

We need to provide some motivations in order to answer these.

We distinguish between intrinsic (theoretical, intuitive, pre-formal) and
extrinsic (technical, pragmatical, formal) motivations.

Normally, extrinsic motivations point at properties that a logic should verify
while intrinsic ones show how the three-valued setting extends the two-valued
one.
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3.1. Settling the conectives

Idea: find weakenings of classical conectives and establish them as defining new
operations (that return 1/2 in the remaining cases).

Negation:

¬φ = 1 iff φ = 0,

¬φ = 0 iff φ = 1.

Kleene conjunction:

φ ∧K ψ = 1 iff φ = 1 and ψ = 1,

φ ∧K ψ = 0 iff φ = 0 or ψ = 0.

Cooper conjunction:

φ ∧OL ψ = 1 iff (φ = 1 and ψ ̸= 0) or (φ ̸= 0 and ψ = 1),

φ ∧OL ψ = 0 iff φ = 0 or ψ = 0.
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3.1. Settling the conectives

De Finetti conditional:

φ→DF ψ = 1 iff φ = 1 and ψ = 1,

φ→DF ψ = 0 iff φ = 1 and ψ = 0.

Cooper conditional:

φ→OL ψ = 1 iff φ ̸= 0 and ψ = 1,

φ→OL ψ = 0 iff φ ̸= 0 and ψ = 0.

Farrell conditional:

φ→F ψ = 1 iff φ = 1 and ψ = 1,

φ→F ψ = 0 iff φ ̸= 0 and ψ = 0.
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3.2. Settling the designated values

Intrinsically, DF, OL, F and CN are motivated as logics of non-falsity (Cantwell).
However, why not having logics of truth instead?

It turns out that:

– Both DF and DF1 fail to be algebraizable.

– OL is algebraizable but OL1 is not (unless constant 1 is added).

– CN is algebraizable but CN1 is not (unless constant 1 is added).

So, at least extrinsically, we would lose by restricting to the only-truth scenarios.

Alternative: even in the non-falsity cases, why not setting 1/2 → 1/2 = 1?
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Examples

¬(p → ¬q) → (p → q) (Boethius) F falsifies this!

If I am less than 30 years old, I am still young. Therefore, if I am not young, I
am more than 30 years old. OL and F falsify this!

If I have enough time and money, I will go to the cinema. Hence, if I have
enough time I will go to the cinema or if I have enough money I will go to the
cinema. OL falsifies this!

Either I don’t travel or, if travel, then I spend a lot. Hence, either I don’t travel
or I spend a lot. DF and F falsify this!
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4. The four valued case

Why? Because it is extrinsically natural! Intuitively,

0 7→ (0, 1), 1 7→ (1, 0), 1/2 := ⊤ 7→ (1, 1),

where we understand each component as a switch: the first one is a
truth-switch and the second one a falsity-switch. We can express all the
previous conectives as operations on these switches.

Then, it is natural to ask: what happens with

⊥ 7→ (0, 0)?

We can distinguish two approaches by the behavior of negation:

– ⊥ behaves like a gap: ¬⊤ = ⊤ and ¬⊥ = ⊥.

– ⊥ behaves like a falsity: −⊤ = ⊥ and −⊥ = ⊤.
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4.1. Adding a semantic gap

Consider the statements:

‘this sentence is true’ and ‘this sentence is false’.

One usually calls the former hypodoxical and the latter paradoxical.

We can see this situation as in Belnap’s logic. Suppose we only have two proper
truth-values T and F . Identify:

1 7→ {T}, 0 7→ {F}, ⊤ 7→ {T ,F}, ⊥ 7→ ∅

and define ¬X := {¬x | x ∈ X} for each X ⊆ {T ,F}.

Thus, ⊤ and ⊥ are better seen as encoding semantic gluts and gaps,
respectively. Note that we have refined the original intuition on ‘semantic gaps’ !

Why do we also preserve ⊤? These logics are logics of information.
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Thus, ⊤ and ⊥ are better seen as encoding semantic gluts and gaps,
respectively. Note that we have refined the original intuition on ‘semantic gaps’ !

Why do we also preserve ⊤? These logics are logics of information.
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4.1. Adding a falsity

A more elegant way of introducing 4-valued logics is by introducing a
propositional predicate P and considering:

φ ∧ Pφ, ¬φ ∧ Pφ, φ ∧ ¬Pφ, ¬φ ∧ ¬Pφ.

Suppose that we define Pφ as ‘φ is of the form 0 → x ’.

Alternatively, in the previous example, we can define −X := {T ,F} \ X .

Hence, ⊤ and ⊥ correspond to vacuously true and vacuously false, respectively.

Are the resulting logics of truth or of non-falsity?
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5. Concluding remarks

– We have presented logics of indicative conditionals as dealing with an initial
philosophical problem.

– We have seen how questions regarding the truth tables and the designated
elements arise.

– We have distinguished intrinsic and extrinsic motivations.

– We have seen how three-valued logics of indicative conditionals can be
motivated in a mixed way.

– We have analyzed how the conectives four-valued logics of indicative
conditionals have been extrinsically motivated.

– We have studied intrinsic motivations for the new truth-value, at least with
respect to negation and regarding the designated elements.
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Egré, P., Rossi, L. & Sprenger, J. (2021)

De Finettian logics of indicative conditionals part I: trivalent semantics and validity.

Journal of Philosophical Logic 50(2), 187–213.

Farrell, R.J. (1986)

Implication and presupposition.

Notre Dame Journal of Formal Logic, Volume 27, Number 1.

de Finetti, B. (1936)

La logique de la probabilité.
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