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1. Logics of indicative conditionals

Indicative conditionals are conditional statements concerned with what could be
the case in our world, contra counterfactuals.

The material account of indicative conditionals (i.e. φ ⊃ ψ := ¬φ ∨ ψ) seems
counterintuitive.

What if we drop bivalence but preserve truth-functionality?

For instance, we can preserve 1 → 0 = 0 and 1 → 1 = 1 but let 0 → x := ⊤.
We also have to settle the remaining cases.
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1. Logics of indicative conditionals

Define De Finetti’s, Cooper’s and Farrell’s conditionals:

→DF 0 ⊤ 1
0 ⊤ ⊤ ⊤
⊤ ⊤ ⊤ ⊤
1 0 ⊤ 1

→C 0 ⊤ 1
0 ⊤ ⊤ ⊤
⊤ 0 ⊤ 1
1 0 ⊤ 1

→F 0 ⊤ 1
0 ⊤ ⊤ ⊤
⊤ 0 ⊤ ⊤
1 0 ⊤ 1

¬
0 1
⊤ ⊤
1 0

Consider the tabes of Strong Kleene connectives plus Cooper’s (Peirce’s)
quasi-conjunction and disjunction:

∧K 0 ⊤ 1
0 0 0 0
⊤ 0 ⊤ ⊤
1 0 ⊤ 1

∨K 0 ⊤ 1
0 0 ⊤ 1
⊤ ⊤ ⊤ 1
1 1 1 1

∧C 0 ⊤ 1
0 0 0 0
⊤ 0 ⊤ 1
1 0 1 1

∨C 0 ⊤ 1
0 0 0 1
⊤ 0 ⊤ 1
1 1 1 1
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1. Logics of indicative conditionals

They are defined by a matrix presentation.

Let A3 := {0,⊤, 1} and D := {⊤, 1}.

1. De Finetti’s logic DF is the logic induced by (⟨A3;¬,∧K,∨K,→DF⟩,D),

2. Cooper’s logic C is the logic induced by (⟨A3;¬,∧C,∨C,→C⟩,D),

3. Farrell’s logic F is the logic induced by (⟨A3;¬,∧K,∨K,→F⟩,D),

Hence, these are logics of non-falsity: they are not truth-preserving but they do
not introduce falsity.
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1.1. Twist representations

Twist-algebras are special product constructions built in terms of well-known
algebras.

They provide insights on: the algebraic models of our target logics, definability,
expressive power...

One normally wishes to prove a twist-representation result for the logic being
studied.

This has been done for DF, C and F.
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1.1. Twist representations

Definition (DF twist-algebra)
Let L := (L;∧,∨, 1) be an upper-bounded distributive lattice.
A DF twist-algebra over L consists in an algebra L▷◁ with universe

{(a1, a2) ∈ L2 | a1 ∨ a2 = 1}

and operations

i. (x1, x2) ∧ (y1, y2) := (x1 ∧ y1, x2 ∨ y2),
ii. ¬(x1, x2) := (x2, x1),
iii. (x1, x2) → (y1, y2) := (x2 ∨ (x1 ∧ y1), x2 ∨ y2).

We can then define x ∨ y := ¬(¬x ∧ ¬y).

This case is easy because we can equivalently add ⊤ := (1, 1) and define
x → y := (⊤ ∧ ¬x) ∨ (x ∧ y).
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1.1. Twist representations

Definition (C twist-algebra)
Let B := (B;∧,→) be a generalized Boolean algebra.
A C twist-algebra over B is the algebra B▷◁ having universe

{(a1, a2) ∈ B2 | a1 ∨ a2 = 1}

and operations:

i. (x1, x2) ∗ (y1, y2) := (x1 ∧ y1, (x1 → y2) ∧ (y1 → x2)),
ii. (x1, x2) → (y1, y2) := (x1 → y1, x1 → y2),
iii. ¬(x1, x2) := (x2, x1).

The operation + is obtained as the De Morgan dual of ∗, namely,
x + y := ¬(¬x ∗ ¬y).

8 / 26



1.1. Twist representations

Definition (C twist-algebra)
Let B := (B;∧,→) be a generalized Boolean algebra.
A C twist-algebra over B is the algebra B▷◁ having universe

{(a1, a2) ∈ B2 | a1 ∨ a2 = 1}

and operations:

i. (x1, x2) ∗ (y1, y2) := (x1 ∧ y1, (x1 → y2) ∧ (y1 → x2)),
ii. (x1, x2) → (y1, y2) := (x1 → y1, x1 → y2),
iii. ¬(x1, x2) := (x2, x1).

The operation + is obtained as the De Morgan dual of ∗, namely,
x + y := ¬(¬x ∗ ¬y).

8 / 26



1.1. Twist representations

Definition (F twist-algebra)
Consider a generalized Boolean algebra B.
An F twist-algebra over B as the algebra B▷◁ with universe

{(a1, a2) ∈ B × B | a1 ∨ a2 = 1}

and operations

i. (x1, x2) ∧ (y1, y2) := (x1 ∧ y1, x2 ∨ y2),
ii. ¬(x1, x2) := (x2, x1),
iii. ⊤ := (1, 1),
iv. (x1, x2) → (y1, y2) := (x1 → y1, x2 ∨ y2).
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1.2. Example of application

The idea is to identify

0 7→ (0, 1) 1 7→ (1, 0) ⊤ 7→ (1, 1).

So it makes sense to add
⊥ 7→ (0, 0)

and compute the truth-tables through the twist operations before.
One thus obtains the four-valued logics DFg, Cg and Fg (⊥ is a gap).

Moreover, one can define a new negation

−(x , y) := (¬x ,¬y).

One thus obtains the four-valued logics DFf, Cf and Ff (⊥ is a falsity).

We have proven twist-representation results for these logics as well. But what
is the philosophical motivation of this approach?
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1.3. Possible motivations

Presupposition theory?
Some have argued that this would over-employ logics of indicative
conditionals (von Fintel).
Restrict to twist-algebras.

Bi-lattice approach semantics (e.g. as with logic NINE)?
Too cumbersome(?).

Truthmaker semantics?
They seem to provide an insight on twist-algebras.
Also, they are connected with Cooper’s program of logico-linguistics.
... yay!
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2. Truthmaker semantics

Define a space state as a set S of states and a complete partial ordering ⊑. The
join of two states s1, s2 is the fusion of both, s1 ⊔ s2.

A truthmaker model (TM) is formed by a space state (S ,⊑) and two valuations
V+,V− : Var → ℘(S). We define exact truth(falsity)making as follows:

(1a) M, s ⊩e p iff s ∈ V+(p),

(1b) M, s

⊩

e p iff s ∈ V−(p);

(2a) M, s ⊩e ¬φ iff M, s

⊩

e φ,

(2b) M, s

⊩

e ¬φ iff M, s ⊩e φ;

(3a) M, s ⊩e φ ∧ ψ iff M, t1 ⊩e φ and M, t2 ⊩e ψ where s = t1 ⊔ t2;

(3b) M, s

⊩

e φ ∧ ψ iff M, s

⊩

e φ or M, s

⊩

e ψ.

Define φ ⊩e ψ as: for every TM M and every s ∈ M, M, s ⊩e φ implies
M, s ⊩e ψ.
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2. Truthmaker semantics

Similarly, we can define inexact truth(falsity)making as:

M, s ⊩i φ iff M, t ⊩e φ, for some t ⊑ s,

M, s

⊩

i φ iff M, t

⊩

e φ, for some t ⊑ s.

It turns out that inexact truth(falsity)making for formulas is quite standard:

M, s ⊩i ¬φ iff M, s

⊩

i φ,

M, s

⊩

i ¬φ iff M, s ⊩i φ;
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2. Truthmaker semantics

Fix a TM M. Define:

|φ|+e := {s ∈ M |M, s ⊩e φ}, |φ|−e := {s ∈ M |M, s

⊩

e φ};

|φ|+i := {s ∈ M |M, s ⊩i φ}, |φ|−i := {s ∈ M |M, s

⊩

i φ}.

We obtain:

|¬φ|+e = |φ|−e , |¬φ|−e = |φ|+e ;

|φ ∧ ψ|+e = |φ|+e ⊔ |ψ|+e , |φ ∧ ψ|−e = |φ|−e ∪ |ψ|−e .

And:
|¬φ|+i = |φ|−i , |¬φ|−i = |φ|+i ;

|φ ∧ ψ|+i = |φ|+i ∩ |ψ|+i , |φ ∧ ψ|−i = |φ|−i ∪ |ψ|−i .
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2.1. Residuated TMs

Fix a TM M. Given s, t ∈ M, let:

s → t :=
l

{u ∈ S | t ⊑ s ⊔ u}.

We say that M is residuated in case the residuation law holds:

∀s, t ∈ M, s ⊔ (s → t) ⊒ t.

Additionally, given A,B ⊆ M, we define:

s ∈ A → B if and only if ∀t ⊒ s, t ∈ A implies t ∈ B.
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3. Motivating logics of indicative conditionals

Propositions can be understood as truthmaking conditions (Jago).

Suppose we identify a formula φ as the pair (|φ|+i , |φ|
−
i ).

Then, the preceding operations look like:

¬(|φ|+i , |φ|
−
i ) := (|¬φ|+i , |¬φ|

−
i ) = (|φ|−i , |φ|

+
i ),

(|φ|+i , |φ|
−
i ) ∧ (|ψ|+i , |ψ|

+
i ) := (|φ ∧ ψ|+i , |φ ∧ ψ|−i ) = (|φ|+i ∩ |ψ|+i , |φ|

−
i ∪ |ψ|−i ).

This is very similar to a twist-representation.

Heuristic: define inexact truthmaking conditions following the twist operations.
Then, exactify them and find the corresponding models.
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3.1. Non-falsity-making

Recall that our logics are logics of non-falsity. Hence, it makes sense to look at
non-falsity (non-truth) conditions. Define D := {⊤, 1} and U := {⊤, 0}.

¬φ ∈ D iff φ ∈ U, ¬φ ∈ U iff φ ∈ D;

φ ∧K ψ ∈ D iff φ ∈ D and ψ ∈ D, φ ∧K ψ ∈ U iff φ ∈ U or ψ ∈ U;

φ ∧C ψ ∈ D iff φ ∈ D and ψ ∈ D,
φ ∧C ψ ∈ U iff (φ ∈ D implies ψ ∈ U) and (ψ ∈ D implies φ ∈ U);

φ→DF ψ ∈ D iff φ ∈ U or ψ ∈ D, φ→DF ψ ∈ U iff φ ∈ U or ψ ∈ U;

φ→C ψ ∈ D iff φ ∈ D implies ψ ∈ D, φ→C ψ ∈ U iff φ ∈ D implies ψ ∈ U;

φ→F ψ ∈ D iff φ ∈ D implies ψ ∈ D, φ→F ψ ∈ U iff φ ∈ U or ψ ∈ U.
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3.1. Non-falsity-making

We would like the following inexact truthmaking relations to hold:

(|¬φ|+i , |¬φ|
−
i ) = (|φ|−i , |φ|

+
i ),

(|φ ∧K ψ|+i , |φ ∧K ψ|−i ) = (|φ|+i ∩ |ψ|+i , |φ|
−
i ∪ |ψ|−i ),

(|φ ∧C ψ|+i , |φ ∧C ψ|−i ) = (|φ|+ ∩ |ψ|+i , (|φ|
+
i → |ψ|−i ) ∩ (|ψ|+i → |φ|−i )),

(|φ→DF ψ|+i , |φ→DF ψ|−i ) = (|φ|−i ∪ (|φ|+i ∩ |ψ|+i ), |φ|
−
i ∪ |ψ|−i ),

(|φ→C ψ|+i , |φ→C ψ|−i ) = (|φ|+i → |ψ|+i , |φ|
+
i → |ψ|−i ),

(|φ→F ψ|+i , |φ→F ψ|−i ) = (|φ|+i → |ψ|+i , |φ|
−
i ∪ |ψ|−i ).

18 / 26



3.1. Non-falsity-making

We would like the following inexact truthmaking relations to hold:

(|¬φ|+i , |¬φ|
−
i ) = (|φ|−i , |φ|

+
i ),

(|φ ∧K ψ|+i , |φ ∧K ψ|−i ) = (|φ|+i ∩ |ψ|+i , |φ|
−
i ∪ |ψ|−i ),

(|φ ∧C ψ|+i , |φ ∧C ψ|−i ) = (|φ|+ ∩ |ψ|+i , (|φ|
+
i → |ψ|−i ) ∩ (|ψ|+i → |φ|−i )),

(|φ→DF ψ|+i , |φ→DF ψ|−i ) = (|φ|−i ∪ (|φ|+i ∩ |ψ|+i ), |φ|
−
i ∪ |ψ|−i ),

(|φ→C ψ|+i , |φ→C ψ|−i ) = (|φ|+i → |ψ|+i , |φ|
+
i → |ψ|−i ),

(|φ→F ψ|+i , |φ→F ψ|−i ) = (|φ|+i → |ψ|+i , |φ|
−
i ∪ |ψ|−i ).

18 / 26



3.1. Non-falsity-making

We would like the following inexact truthmaking relations to hold:

(|¬φ|+i , |¬φ|
−
i ) = (|φ|−i , |φ|

+
i ),

(|φ ∧K ψ|+i , |φ ∧K ψ|−i ) = (|φ|+i ∩ |ψ|+i , |φ|
−
i ∪ |ψ|−i ),

(|φ ∧C ψ|+i , |φ ∧C ψ|−i ) = (|φ|+ ∩ |ψ|+i , (|φ|
+
i → |ψ|−i ) ∩ (|ψ|+i → |φ|−i )),

(|φ→DF ψ|+i , |φ→DF ψ|−i ) = (|φ|−i ∪ (|φ|+i ∩ |ψ|+i ), |φ|
−
i ∪ |ψ|−i ),

(|φ→C ψ|+i , |φ→C ψ|−i ) = (|φ|+i → |ψ|+i , |φ|
+
i → |ψ|−i ),

(|φ→F ψ|+i , |φ→F ψ|−i ) = (|φ|+i → |ψ|+i , |φ|
−
i ∪ |ψ|−i ).

18 / 26



3.1. Non-falsity-making

We would like the following inexact truthmaking relations to hold:

(|¬φ|+i , |¬φ|
−
i ) = (|φ|−i , |φ|

+
i ),

(|φ ∧K ψ|+i , |φ ∧K ψ|−i ) = (|φ|+i ∩ |ψ|+i , |φ|
−
i ∪ |ψ|−i ),

(|φ ∧C ψ|+i , |φ ∧C ψ|−i ) = (|φ|+ ∩ |ψ|+i , (|φ|
+
i → |ψ|−i ) ∩ (|ψ|+i → |φ|−i )),

(|φ→DF ψ|+i , |φ→DF ψ|−i ) = (|φ|−i ∪ (|φ|+i ∩ |ψ|+i ), |φ|
−
i ∪ |ψ|−i ),

(|φ→C ψ|+i , |φ→C ψ|−i ) = (|φ|+i → |ψ|+i , |φ|
+
i → |ψ|−i ),

(|φ→F ψ|+i , |φ→F ψ|−i ) = (|φ|+i → |ψ|+i , |φ|
−
i ∪ |ψ|−i ).

18 / 26



3.1. Non-falsity-making

We would like the following inexact truthmaking relations to hold:

(|¬φ|+i , |¬φ|
−
i ) = (|φ|−i , |φ|

+
i ),

(|φ ∧K ψ|+i , |φ ∧K ψ|−i ) = (|φ|+i ∩ |ψ|+i , |φ|
−
i ∪ |ψ|−i ),

(|φ ∧C ψ|+i , |φ ∧C ψ|−i ) = (|φ|+ ∩ |ψ|+i , (|φ|
+
i → |ψ|−i ) ∩ (|ψ|+i → |φ|−i )),

(|φ→DF ψ|+i , |φ→DF ψ|−i ) = (|φ|−i ∪ (|φ|+i ∩ |ψ|+i ), |φ|
−
i ∪ |ψ|−i ),

(|φ→C ψ|+i , |φ→C ψ|−i ) = (|φ|+i → |ψ|+i , |φ|
+
i → |ψ|−i ),

(|φ→F ψ|+i , |φ→F ψ|−i ) = (|φ|+i → |ψ|+i , |φ|
−
i ∪ |ψ|−i ).

18 / 26



3.1. Non-falsity-making

We would like the following inexact truthmaking relations to hold:

(|¬φ|+i , |¬φ|
−
i ) = (|φ|−i , |φ|

+
i ),

(|φ ∧K ψ|+i , |φ ∧K ψ|−i ) = (|φ|+i ∩ |ψ|+i , |φ|
−
i ∪ |ψ|−i ),

(|φ ∧C ψ|+i , |φ ∧C ψ|−i ) = (|φ|+ ∩ |ψ|+i , (|φ|
+
i → |ψ|−i ) ∩ (|ψ|+i → |φ|−i )),

(|φ→DF ψ|+i , |φ→DF ψ|−i ) = (|φ|−i ∪ (|φ|+i ∩ |ψ|+i ), |φ|
−
i ∪ |ψ|−i ),

(|φ→C ψ|+i , |φ→C ψ|−i ) = (|φ|+i → |ψ|+i , |φ|
+
i → |ψ|−i ),

(|φ→F ψ|+i , |φ→F ψ|−i ) = (|φ|+i → |ψ|+i , |φ|
−
i ∪ |ψ|−i ).

18 / 26



3.1. Non-falsity-making

We would like the following inexact truthmaking relations to hold:

(|¬φ|+i , |¬φ|
−
i ) = (|φ|−i , |φ|

+
i ),

(|φ ∧K ψ|+i , |φ ∧K ψ|−i ) = (|φ|+i ∩ |ψ|+i , |φ|
−
i ∪ |ψ|−i ),

(|φ ∧C ψ|+i , |φ ∧C ψ|−i ) = (|φ|+ ∩ |ψ|+i , (|φ|
+
i → |ψ|−i ) ∩ (|ψ|+i → |φ|−i )),

(|φ→DF ψ|+i , |φ→DF ψ|−i ) = (|φ|−i ∪ (|φ|+i ∩ |ψ|+i ), |φ|
−
i ∪ |ψ|−i ),

(|φ→C ψ|+i , |φ→C ψ|−i ) = (|φ|+i → |ψ|+i , |φ|
+
i → |ψ|−i ),

(|φ→F ψ|+i , |φ→F ψ|−i ) = (|φ|+i → |ψ|+i , |φ|
−
i ∪ |ψ|−i ).

18 / 26



3.1. Non-falsity-making

We would like the following inexact truthmaking relations to hold:

(|¬φ|+i , |¬φ|
−
i ) = (|φ|−i , |φ|

+
i ),

(|φ ∧K ψ|+i , |φ ∧K ψ|−i ) = (|φ|+i ∩ |ψ|+i , |φ|
−
i ∪ |ψ|−i ),

(|φ ∧C ψ|+i , |φ ∧C ψ|−i ) = (|φ|+ ∩ |ψ|+i , (|φ|
+
i → |ψ|−i ) ∩ (|ψ|+i → |φ|−i )),

(|φ→DF ψ|+i , |φ→DF ψ|−i ) = (|φ|−i ∪ (|φ|+i ∩ |ψ|+i ), |φ|
−
i ∪ |ψ|−i ),

(|φ→C ψ|+i , |φ→C ψ|−i ) = (|φ|+i → |ψ|+i , |φ|
+
i → |ψ|−i ),

(|φ→F ψ|+i , |φ→F ψ|−i ) = (|φ|+i → |ψ|+i , |φ|
−
i ∪ |ψ|−i ).

18 / 26



3.2. Exhaustive models

An exhaustive model (EM) is a TM (S ,⊑,V+,V−) in which:

(1a) M, s ▷e p iff s ∈ V+(p),

(1b) M, s ◁e p iff s ∈ V−(p),

(2a) M, s ▷e ¬φ iff M, s ◁e φ,

(2b) M, s ◁e ¬φ iff M, s ▷e φ,

and where for every s ∈ S and every formula φ it holds that M, s ▷e φ or
M, s ◁e φ (exhaustivity condition).

That is, an EM is a (negation only) TM in which every state is a non-falsity or a
non-truth-maker of a given formula or both.

We can define EMs for each target logic.
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3.2. Exhaustive models

A DF exhaustive model (DFEM) is a EM in which one defines:

(3a) M, s ▷e φ ∧K ψ iff M, s1 ▷e φ and M, s2 ▷e ψ, where s = s1 ⊔ s2,

(3b) M, s ◁e φ ∧K ψ iff M, s ◁e φ or M, s ◁e ψ,

(4) M, s ▷e ⊤ and M, s ◁e ⊤

Proposition
φ ⊢DF ψ if and only if φ▷DF

i ψ.

The cases of C and F are more convoluted since we need to obtain the clauses
for the implications, which involve quantifying over t ⊒ s.
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3.2. Exhaustive models

A C exhaustive model (CEM) is a residuated EM in which one defines

(3a) M, s ▷e φ ∧ ψ iff M, s1 ▷e φ;M, s2 ▷e ψ; s = s1 ⊔ s2,

(3b) M, s ◁e φ ∧ ψ iff there is a map τ1 : |φ|+ → |ψ|+ with s1 =
⊔
{t →

τ1(t) | t ∈ |φ|+} and there is a map τ2 : |ψ|+ → |φ|− with s2 =
⊔
{t →

τ2(t) | t ∈ |ψ|+}, where s = s1 ⊔ s2,

(4a) M, s ▷e φ→ ψ iff there is a map
τ : |φ|+ → |ψ|+ with s =

⊔
{t → τ(t) | t ∈ |φ|+},

(4b) M, s ◁e φ→ ψ iff there is a map
τ : |φ|+ → |ψ|− with s =

⊔
{t → τ(t) | t ∈ |φ|+}.

Additionally, intransigence holds: if M, s ▷e φ then M, t ▷e φ for every t ⊒ s
and the same for ◁e .

Proposition
φ ⊢C ψ if and only if φ▷C

i ψ.
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3.2. Exhaustive models

An F exhaustive model (FEM) is a residuated and intransingent EM in which
one defines:

(3a) M, s ▷e φ ∧K ψ iff M, s1 ▷e φ and M, s2 ▷e ψ, where s = s1 ⊔ s2,

(3b) M, s ◁e φ ∧K ψ iff M, s ◁e φ or M, s ◁e ψ,

(4a) M, s ▷e φ→ ψ iff there is a map
τ : |φ|+ → |ψ|+ with s =

⊔
{t → τ(t) | t ∈ |φ|+},

(4b) M, s ▷e φ→ ψ iff M, s ◁e φ or M, s ◁e ψ.

Proposition
φ ⊢F ψ if and only if φ▷F

i ψ.
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3.2. Exhaustive models

What about the four-valued cases?

The DFg, Cg and Fg cases are straightforward.
One simply needs to drop the exhaustivity condition!

The DFf, Cf and Ff seem more difficult.
One has non-truth and non-falsity conditions together with the truth and falsity
conditions of ¬f ...

A serious option is to take ∗ : S → S such that s∗∗ = s and s ⊑ t iff s∗ ⊑ t∗.
Then, define M, s ▷e ¬φ iff M, s∗ ▷e φ.
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4. Future work

– Study what happens with DFf, Cf and Ff.

– What are the exact non-falsity logics obtained?

– Analyze the philosophical consequences of this.
For instance, regarding presupposition theory!

– Study the recent approach given by Plebani & Sprenger on C.
Can it be generalized to DF and F?
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